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Abstract
This paper addresses the multiscale simulation of heterogeneous materials. The considered composite
materials exhibit a hierarchical material structure with three distinct length scales - micro, meso and macro. 
This feature of the morphology allows for the application of homogenisation techniques based on a
representative volume element (RVE) which is entirely typical for the local, periodic material structure.
The heterogeneous material structure in an RVE is modelled by the extended finite element method (XFEM)
Suitable material models account for the deformation behaviour of the constituents in the generated RVE
models. The combination of XFEM and a cohesive zone model is used to represent discrete failure processes
in the local material structure. This multiscale approach is applied to predict the effective material behaviour
of fibre reinforced polymers. Using periodic displacement boundary conditions, effective stress-strain curves
are computed for glass fibre reinforced polypropylene with unidirectional and woven arrangements of the
reinforcing fibres.
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1. Introduction 
The effective behaviour of heterogeneous materials on the macroscale is determined by the material 
behaviour of the individual constituents and their geometrical arrangement. Due to the difference in size 
between macroscopic components and the fine scales, a direct modelling of the local material stucture in a 
component analysis is not convenient. Consequently, multiscale approaches to the prediction of the material 
behaviour are required. Numerical homogenisation techniques can predict the effective non-linear material 
behaviour based on the finite element simulation of a representative volume element (RVE). 
The generation of numerical RVE models for complex local material structures and the need to account for 
discrete damage processes necessitate suitable numerical modelling procedures. The extended finite element 
method (XFEM, Moës et al. 1999 and Belytschko et al. 2001) offers the possibility to use a regular mesh 
which does not have to be adapted to internal details, e. g. cracks or material interfaces, of the structure under 
consideration - the location of discontinuities is independent of the mesh. It is therefore applied to model the 
local heterogeneous material structure in an RVE. 
Originally, XFEM was applied to model strong discontinuities (jumps) in the primary field variables as 
they occur at a crack (Moës et al. 1999, Daux et al. 2000). The features of XFEM allow for the simulation of 
crack growth without remeshing as the mesh is independent of the crack topology. In rapid succession the 
method has been applied to the modelling of material interfaces (Belytschko et al. 2001, Sukumar et al. 2001, 
Moës et al. 2003, Kästner et al. 2008, 2011, 2012) which represent weak discontinuities in the mechanical 
boundary value problem. A comprehensive review of the method and its various applications is given by Fries 
and Belytschko 2010. 
2. XFEM modelling of discontinuities 
As XFEM allows for the use of regular meshes that do not have to be adapted to the location of a surface of 
discontinuity, methods for the localisation of interfaces and for modelling the discontinuities of field variables 
are required. By a local enrichment of the finite element approximation 
 
of the displacement field ,where is a parameter characterising the mesh size, discontinuities can be 
modelled within a non-conforming mesh. The first sum over the product of shape functions  and the nodal 
vector  of ordinary degrees of freedom at node  represents the standard finite element approximation. The 
enrichment consists of additional degrees of freedom  and enrichment functions  which account for the 
physical behaviour at a weak (e.g. material interface, i) or strong (e.g. crack, c) discontinuity, respectively. 
The different summation indices indicate that only those nodes  in the vicinity of an interface or a 
crack  have additional degrees of freedom. 
The implementation of XFEM is realised by the definition of special X-elements which replace the 
ordinary finite elements intersected by a discontinuity. We assume that the local enrichment can be restricted 
to a single element domain so that no blending elements are necessary. This has to be ensured by the 
formulation of the enrichment functions. Figure 1 (a) shows nodes with additional degrees of freedom in the 
vicinity of a material interface for the simple example of an ellipsoidal inclusion. 
In order to represent surfaces of discontinuity within the non-conforming mesh, the standard XFEM 
procedure is to compute the signed distance 
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of node  with the position vector to the interface (Figure 1 (b)), where  is the unit normal vector to the 
interface. By interpolating the nodal values  using the standard finite element approximation, the values of 
the level set function can be computed for every point in the element domain. Hence, the surface of 
discontinuity is implicitly represented by  
 
(a) (b) 
Figure 1. XFEM modelling of discontinuities: (a) location of a surface of discontinuity defines location of X-elements with enriched 
displacement approximation, and (b) computation of level set values. 
In addition to the localisation of the interface, the level set representation is used to formulate enrichment 
functions  for weak and strong discontinuities. Regarding the implementation of an X-element into a 
commercial finite element code, the so-called modified abs-enrichment  
 
proposed by Moës et al. 2003 is of special interest, as the influence of additional degrees of freedom at node  
is limited to the element domain intersected by a material interface. Due to this feature of the enrichment, no 
blending elements are required. A corresponding enrichment function to model the displacement jump 
occurring at a crack 
 
has been proposed by Zi and Belytschko 2003. Based on the level set approach, an automated model 
generation procedure has been developed by Kästner et al. 2011 which transforms a geometric model of the 
RVE into a regular mesh containing ordinary finite and X-elements. 
3. Multiscale modelling of composite materials 
In order to predict the macroscopically non-linear material behaviour of fibre-reinforced polymers using 
only the properties of the individual constituents and their geometrical arrangement in the composite, an 
XFEM model of the RVE is generated which represents the material interfaces in a regular mesh using the 
modified abs-enrichment. Suitable material models account for the material behaviour of glass fibres and 
matrix. A cohesive zone models the interface failure within the X-elements in combination with an additional 
enrichment term. While the macroscopic strain state is applied to the RVE using periodic displacement 
boundary conditions, the effective macroscopic stress is computed from averaging the local stress fields.  
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3.1. Material behaviour of constituents 
For the strain rates under consideration the material behaviour of the reinforcing glass fibres is assumed to 
be isotropic linear elastic. A viscoplastic material model (Kästner 2009, Kästner et al. 2012) based on an 
overstress formulation is used to model the inelastic deformation behaviour of the polymeric matrix observed 
e.g. in tensile and relaxation experiments. The constitutive equations, material parameters and experiments 
used for identification are summarised in Box 1. 
Box 1. Viscoplastic material model to simulate the inelastic, strain rate dependent material behaviour of polymeric 
matrices: summary of constitutive equations, material parameters and comparison of numerical and experimental 
results. 
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The stress is a combination of the strain rate independent equilibrium stress  and the 
strain rate dependent overstress This allows for a structured identification procedure for the necessary 
material parameters which are obtained from tensile tests at different strain rates, relaxation experiments and 
loading-unloading processes with intermediate relaxations. The material model for the equilibrium stress 
consists of the combination of a non-linear elastic stress-strain relation and an endochronic model of plasticity. 
The strain rate dependent overstress is modelled by a set of  Maxwell elements. An overstress 
dependent viscosity accounts for non-linear viscoelastic behaviour.  
In the proposed material model inelastic deformations are allowed for the deviatoric and volumetric parts. 
The common assumption of incompressible viscous and plastic material behavior can subsequently be 
enforced by the appropriate choice of the material parameters. The material parameters of the multiaxial 
model are derived from the observations in uniaxial experiments by the assumption of a constant Poisson's 
ratio. After the time discretisation of the constitutive equations, a stress-algorithm and a consistent tangent 
stiffness matrix for the use with a commercial finite element code have been derived. Model predictions and 
experimental results show very good agreement for tensile tests at different strain rates and relaxation 
experiments, respectively. 
3.2. Modelling of interface failure 
In order to model the discrete interface failure it seems obvious to extend the XFEM modelling of the 
interface by a second enrichment to capture the evolving strong discontinuity and a cohesive zone model 
which governs the crack opening. In this approach the inelastic deformation behaviour in the process zone 
around the crack tip is modelled by a discrete traction-separation law. Cohesive zone models have previously 
been applied in combination with XFEM and similar methods e.g. in Wells and Sluys 2001, de Borst et al 
2006 and Hettich et al. 2008. 
Here, the interface failure will be investigated for a unidirectional composite loaded transversely to the 
fibre direction. Therefore, the constitutive equations of the traction-separation law are limited to two 
components, normal to the interface and the shear component In combination with the XFEM 
enrichment for a strong discontinuity, the model represents an initially rigid interface. An interface crack is 
allowed to open when the tensile strength of the material is reached. A loading function  is used to 
distinguish between loading (crack opening) and unloading. To this end, a constitutive internal variable  
representing the maximum normal displacement jump  reached in the loading history is used. The applied 
cohesive zone model and the used material parameters are summarised in Box 2. 
 
 
 
 
Box 2. Cohesive zone model used in combination with XFEM to capture the failure of the fibre-matrix interface: 
summary of constitutive equations and parameters. 
48   Markus Kästner et al. /  Procedia Materials Science  2 ( 2013 )  43 – 51 
3.3. Scale-transition 
For the transition from the locally heterogeneous material structure to an effective homogeneous material 
with properties predicted by homogenisation techniques, an appropriate equivalence criterion is required. This 
criterion has to relate the effective stresses  and strains  in a macroscopic material point  to the local stress 
and strain fields in the heterogeneous material, depending on the local coordinates  of the RVE. 
Here we apply the Hill-Mandel criterion (Hill 1972) 
 
which relates the effective virtual internal work to the volume average  of the local virtual internal 
work in the RVE domain. For three kinds of boundary conditions, namely constant tractions, linear 
displacements or periodic displacements with antiperiodic tractions, the average virtual work can be computed 
from the product of the averaged local stress  and strain  fields. In a numerical, deformation 
controlled homogenisation approach an increment of the effective strain is prescribed to the RVE using 
displacement boundary conditions. For each increment the effective stress in the RVE is obtained from 
averaging the local stress fields. 
4. Results 
In this section the XFEM modelling and multiscale simulation of polypropylene reinforced by uni-
directional and woven glass fibres will be outlined. The numerical RVE models of the local material structure 
are generated by an automated procedure (Kästner 2009, Kästner et al. 2011) based on XFEM and the material 
behaviour of the local constituents is represented by the material models outlined in sections 3.1 and 3.2.  
4.1. Unidirectional reinforcement 
For the unidirectional reinforcement an idealised hexagonal arrangement of fibres is assumed on the 
microscale. The fibre volume fraction is 50 %. In the following, the influence of the inelastic material 
behaviour of polypropylene on the effective stress-strain curves is to be predicted. In the first instance no 
interface failure is taken into account. Since the properties of the matrix material do not affect the mechanical 
behaviour of the composite under loading into the fibre direction, only the 90 and 45 degree directions are 
investigated. To this end, the macroscopic strain  is applied to the RVE using periodic displacement 
boundary conditions. The predicted effective stress-strain curves for monotic tensile tests with different strain 
rates are compared to experimental results in Figure 2 (a). In addition to the effective stress-strain curves, the 
multiscale simulation provides information on the local stress and strain fields in the heterogeneous material. 
The local strain field  is plotted in Figure 2 (b). 
From this and further examples, e.g. in Kästner et al. 2011, it can be observed that the simulation results 
can predict the strain rate dependent deformation behaviour of the composite with sufficient accuracy. On the 
other hand, the subsequent failure of the composite which is caused by the failure of the fibre-matrix interface 
and the matrix material was not taken into account in the RVE model. 
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(a)  
(b) 
Figure 2. Multiscale simulation (lines) and experimental results (symbols) for loading transverse to the fibre direction: (a) Effective 
stress-strain curves and (b) local strain field . 
In order to model interface damage, a strong discontinuity enrichment is now added to the X-elements 
which allows to model crack opening within the element domain. The cohesive zone model outlined in section 
3.2 is used to simulate the propagating interface crack. Figure 3 shows the RVE with partly cracked fibre-
matrix interfaces. The initiation of the interface failure starts at the point with the maximum normal stress, i.e. 
the point where the normal to the interface points in the direction of the applied macroscopic tensile strain. 
Then the crack propagates along the material interface accompanied by a stress redistribution in the matrix.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(a) (b) 
Figure 3. XFEM modelling of the failure of the fibre-matrix interface in a UD composite loaded transversely to the fibre direction: (a) 
partly cracked fibre-matrix interfaces, and (b) detail illustrating crack propagation through the element domain, triangles are used for 
integration purposes only. 
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4.2. Woven reinforcement 
After the applicability of the multiscale approach has been demonstrated for the unidirectional 
reinforcement, it is applied to polypropylene reinforced by a woven fabric. In contrast to the simulation of the 
unidirectional composite where a scale transition from a microscopic RVE with individual fibres and matrix to 
the effective macroscopic material behaviour was performed, it is convenient to introduce an intermediate 
length scale called mesoscale. The mesoscopic material structure of a textile-reinforced polymer is 
characterised by the geometrical arrangement of yarns which consist of several thousand individual fibres. 
After the consolidation with matrix they represent areas with high fibre volume fraction which can be treated 
as homogeneous on the mesoscale. Due to the high fibre volume fraction, the material behaviour of the yarn is 
assumed to be linear elastic. Effective material properties of the yarn to be used in the mesoscopic RVE are 
computed from a first homogenisation step, the micro-meso transition, assuming a hexagonal fibre 
arrangement. For the second homogenisation step, from meso to macro, an idealised geometry model of the 
mesoscopic RVE is deduced from CT scans and several micrograph images. Subsequently, the geometry is 
converted into a numerical XFEM RVE model (Figure 4). 
 
(a) 
 
 
(b) 
 
(c) 
Figure 4. Mesoscopic RVE of a composite with woven reinforcement: (a) CT scan illustrating the locally heterogeneous material 
structure, (b) idealised geometry of the RVE model (quarter model), and (c) XFEM model of RVE (quarter model). 
For the prediction of the effective inelastic material behaviour of the composite we focus on tensile tests 
under 45 degrees to the orthotropic axis. Figure 5 shows the comparison of the effective stress-strain curves 
obtained from the multiscale simulation to experimental results.  
(a) (b) 
Figure 5. Tensile test under 45 degrees with respect to the orthotropic axis - comparison of multiscale simulation and experimental 
results: (a) effective stress-strain curves, and b) local shear strain field . 
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5. Conclusion 
In this paper the application of XFEM to model the heterogeneous material structure in an RVE in the 
framework of the multiscale simulation of fibre-reinforced polymers has been presented. To this end, special 
X-elements with an enriched displacement approximation for weak and strong discontinuities are used to 
model material interfaces and, in combination with a cohesive zone model, interface failure within a single 
element domain. The X-elements can be applied in a commercial finite element code together with ordinary 
finite elements and require no blending. Using periodic displacement boundary conditions, effective stress-
strain curves have been computed for glass-fibre reinforced polypropylene with unidirectional and woven 
arrangements of the reinforcing fibres. A good agreement to experimental results is obtained. It has to be 
mentioned that only the material behaviour of the local constituents and the geometry of the local material 
structure were taken into account. The results are therefore a real prediction of the effective macroscopic 
material behaviour.  
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